I. INTRODUCTION
Despite endeavor over more than a decade to elucidate the nature of the critical behavior of the restricted primitive model (RPM) for ionic fluids, prototype of a system governed by long range Coulomb interactions, no unassailable answer to this question has yet been provided by theory, experiment or computer simulation [1] [2] [3] [4] [5] [6] . The long range character of the interaction would suggest classical (mean field) behavior, whereas the well known screening of the interactions pleads in favor of an Ising-type criticality typical of systems with short range interactions. In contrast to the latter case a rigorous renormalization group (RG) treatment allowing to decide in favor of one or the other universality class is, for the moment, still unavailable due to the lack of a satisfactory mean field starting point for RG analysis 7, 8 .
On the experimental side 6 an indisputable interpretation of criticality in ionic systems and assessment of the role played by the Coulomb interaction is somewhat hampered by the possible interplay of the Coulomb interaction with other forces driving phase separation (as, for instance, solvophobic effects), uncertainties of measurement close to the critical point or choice of appropriate order parameter to analyse the results. It seems however well established now that for many experimental systems apparent mean field behavior applies with sharp crossover (much sharper than in non-ionic fluids) to Ising criticality close to the critical temperature 6 .
Computer simulations can isolate the effect of the Coulomb interactions but are plagued with their own difficulties when approaching the critical region, in particular by the limited system sizes that are currently accessible for off-lattice systems. Finite size corrections to the scaling behavior may therefore be important and thwart extrapolation to the thermodynamic limit. In addition, the fact that the RPM, as well as most realistic continuum models, lack symmetries, that are present, for instance, in the Ising or lattice-gas models has the consequence that the asymptotic scaling properties are more complex than for the latter systems. 
Starting with the seminal work of Bruce and Wilding (BW)
where s and r are system dependent coefficients defined in Ref. 
give evidence for a divergence of (
in CO 2 and propane when approaching the critical point from below, e.g. along the critical isochore 13, 14 . According to Fisher and Orkoulas, in order to accomodate the Y-Y anomaly, the pressure should combine with β and µ in Eqs. 1 and 2 13 . This in turn will affect the finite size scaling (f.s.s.) analysis -at the core of all simulation studies -through appearance of additional size dependent terms which may compete with those of the customary description.
One can note, however, that for a hard core square-well model fluid the strength of the Y-Y anomaly appears to be quite small 15 .
The present study was undertaken to extend simulation work on the RPM 16, 17 to system sizes larger than previously considered, covering the volume range (5000 − 40000)σ 3 (or linear dimension L = 17 − 34σ), thus providing a valuable check of the validity of previous extrapolations of the critical parameters to their thermodynamic limit. By the same token statistics of the runs performed previously with the smaller system sizes were considerably increased. In addition, these new simulations gave us the opportunity to investigate the behavior of the two contributions C p and C µ to the specific heat near its critical point. The occurrence of a divergent C µ would call for a revision of the revised scaling assumptions of Rehr and Mermin 11 as pointed out by Fisher and Orkoulas 13 .
The model and a few computational details are given in Sec. II and the results in Sec.
III. The conclusions are summarized in Sec. IV.
II. MODEL AND BOUNDARY CONDITIONS
In the RPM of an ionic solution N/2 particles carrying a charge +q and an equal number of particles with charge −q interact via a hard sphere excluded volume and a Coulomb interaction, i.e.
where σ is the hard sphere diameter and D the dielectric constant of the solvent assumed to be a dielectric continuum.
In fact a thermodynamic state is specified by the combination T * = kT Dσ q 2 defining a reduced temperature (or its inverse β * = 1/T * ) and a reduced chemical potential µ * = µ/kT −3 ln(Λ/σ) (k Boltzmann's constant, Λ the de Broglie thermal wavelength). A reduced density is defined as ρ * = Nσ 3 /V (N total number of ions, V volume).
When hyperspherical boundary conditions 18 are used, as done here in accord with our previous work 16, 17 , the particles are confined to the surface S 3 of a hypersphere in 4d space.
In this geometry the RPM may be viewed as a system of identical particles of charge q (bicharges) interacting by the potential
The distance r ij between two particles on S 3 , measured along the geodesic joining them, is related to the angle ψ ij by r ij = Rψ ij where R is the radius of the hypersphere. The
Monte Carlo (MC) simulations were performed in the grand canonical (GC) ensemble using a biasing scheme 17, 19 to enhance the acceptance ratio of the trial insertion and deletion moves. During the simulation runs we recorded, at fixed µ, T and V the joint distribution p L (ρ, u) of particle number and energy density u = U/V which is the basic ingredient for our analysis of the critical properties. Use of histogram reweighting 20 was made to infer the distribution at a state (β, µ) from the known one at a nearby state (β 0 , µ 0 ).
III. RESULTS
In this section we intend to reassert, within the mixed-field f. 
where
and < M > c and < E > c are the values at criticality.
With this postulate the critical behavior of the fluid system can be mapped on that of the (symmetric) Ising spin system. In particular, the distribution p L (M) of the ordering parameter should be invariant under the symmetry transformation δM → −δM along the coexistence curve h = 0 and similar to that of the 3d Ising magnetization. The strategy offered by Bruce and Wilding 10 to determine the critical parameters T c and ρ c is to vary µ, T and s until the distribution p L (M) derived from p L (ρ, u) (measured in the simulation) through the linear transformations Eqs. 9 and 10 and integration over E matches the distribution of the 3d Ising universality class p * is known from lattice spin simulations 21, 22 .
Due to the finite size of the simulation volumes the critical parameters so obtained will be shifted with respect to their infinite volume values. Finite size scaling theory tells us, however, how the apparent parameters scale with system size L. The critical temperature, for instance, should vary as
where allowance has been made for correction to scaling through the Wegner exponent θ 23 .
The thermodynamic states at which histograms were recorded are summarized in Table   I . All simulation runs, including those at V /σ 3 = 5000 and 10000 are new. The total number of selected configurations, spaced by 250 MC trial moves, varies between 10 8 and 4 10 8 depending on volume (cf. Table I ) and is thus 4-10 times larger than that generated 
in the domain of values where p L (M) seems most reliable with the constraint that µ and s is excellent. It is less good at the larger volume, especially for V /σ 3 = 40000. The most plausible explanation for this discrepancy is a statistical effect due to insufficient sampling of the region of densities comprised between the high and low density maxima. We attempted to improve the sampling by using a multicanonical method 10, 24 , which permits enhanced crossing of the free energy barrier separating the gas and liquid phases, but did not observe a sensible reduction of the discrepancy.
From the knowledge of the order parameter distribution we can calculate the ratio
which takes a well-defined universal value Q * at T = T c and L → ∞ 25, 26 . From f.s.s. theory it follows that Q L can be expanded in the vicinity of the critical point as
where the last term takes into account contributions from irrelevant fields and q 1 , q 2 , an estimate of the critical exponents ν and β/ν and the parameter Q * based on the sole knowledge of the critical temperature and parameter θ in contrast with our previous results which were shown to be only compatible with the Ising universality class. These new data confirm our previous conclusion of the agreement of the critical behavior of the RPM with that of the 3d Ising system.
In order to avoid an a priori assumption of the universality class, Orkoulas et al 15 propose to study the scaling properties of moments or combination of moments,
of the distribution p L (ρ, u) as, for instance, the specific heat or the susceptibility Y j is difficult to estimate but a 1% value seems to be a conservative lower bound.
An alternative approach we propose is to search for a remarkable point (saddle point or extremum) of Y j in the whole (ρ, T ) plane and measure its height as a function of volume.
Provided such a remarkable point exists and is located in the estimated critical region, the height of Y j should scale as L ω/ν where ω is the exponent of the power-law type divergence of Y j in the thermodynamic limit.
All functions Y j depending explicitly on the absolute value of O considered in Ref. 15 (as, for instance, Y 3 , Y 7 , Y 8 ...) were found to exhibit remarkable points in the critical region.
As an example we considered the function Y 7 which gave the best estimate for T * c (cf. Fig.   8 ). Figure 9 shows the saddle point present in Y 7 . A linear fit of the logarithm of the value of Y 7 at the saddle point versus ln L, shown in Fig. 10 , yields γ/ν = 1.89 ± 0.03. We stress that the mentioned error is the error on the slope inferred from the linear regression; this error should not be assimilated with the statistical error on γ/ν which results from the error on the estimates of the histograms used to calculate Y 7 and is beyond reach. The value of γ/ν found is notably lower than the 3d Ising value (1.967) 27 or the mean field value (2.0).
This rather surprising result can be considered as significant only when a reliable estimate of the statistical error on γ/ν is available.
On the other hand functions involving O show remarkable points the value of which should scale as L nβ/ν . Unfortunately, no sufficiently precise numerical location of these points could be achieved and therefore they could not be used to estimate β/ν.
Finally, the specific heat at constant volume C V /V , calculated along the locus χ N N N = 0 15 is shown in Fig. 11 . Although the peak positions shift correctly towards the critical temperature determined above and the widths of the curves narrow with increasing system size, there is no detectable scaling of the amplitudes of the peaks over the volume range considered in this work. Similar conclusions are reached for the chemical potential term C µ /V of the specific heat (cf. Eq. 4) as evidenced in Fig. 11 . A possible explanation for the non-singular behavior of C V is that the amplitude of the singular term in C V is small in the RPM and the specific heat dominated by its regular contribution, It can also be remarked that the peak heights in C V /V would scale, assuming Ising value for the specific heat exponent, only by a factor 2 α/ν ∼ 1.12 when doubling the linear dimensions of the system. It is quite possible that such a small increase of peak height is not observable within the statistical uncertainty of our calculations. Results for the isochoric specific heat of the discrete lattice RPM 30 show a much more pronounced enhancement of the maximum of C V with system size. 
